Applied Intelligence, 11, 31–44 (1999)
c 1999 Kluwer Academic Publishers, Boston. Manufactured in The Netherlands.
°

Massively Parallel Probabilistic Reasoning with Boltzmann Machines
PETRI MYLLYMÄKI
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Abstract. We present a method for mapping a given Bayesian network to a Boltzmann machine architecture,
in the sense that the the updating process of the resulting Boltzmann machine model provably converges to a
state which can be mapped back to a maximum a posteriori (MAP) probability state in the probability distribution
represented by the Bayesian network. The Boltzmann machine model can be implemented efficiently on massively
parallel hardware, since the resulting structure can be divided into two separate clusters where all the nodes in one
cluster can be updated simultaneously. This means that the proposed mapping can be used for providing Bayesian
network models with a massively parallel probabilistic reasoning module, capable of finding the MAP states in a
computationally efficient manner. From the neural network point of view, the mapping from a Bayesian network
to a Boltzmann machine can be seen as a method for automatically determining the structure and the connection
weights of a Boltzmann machine by incorporating high-level, probabilistic information directly into the neural
network architecture, without recourse to a time-consuming and unreliable learning process.
Keywords: Boltzmann machines, probabilistic reasoning, Bayesian networks, simulated annealing

1. Introduction
Neural networks are massively parallel computational
models consisting of a large number of very simple
processing units (for a survey of neural models, see
e.g. the classic collections [1–4]. These models can
perform certain computational tasks extremely fast
when run on customized parallel hardware, and hence
they have been suggested as a computationally efficient tool for solving NP-hard optimization problems
approximatively [5,6]. Especially suitable for this type
of tasks are stochastic neural network architectures, as
these models are based on a stochastic updating process which converges to a state maximizing an objective function determined by the variable states of
the binary nodes of the network, and by the (constant) parameters (“weights”) attached to the connecting arcs. A well-known example of a stochastic neural
network architecture is the Boltzmann machine (BM)
model [7,8].
Boltzmann machines can be used as a computationally efficient tool for finding maximum points of

the objective function corresponding to a given network structure, provided that suitable massively parallel hardware is available. In order to apply these
models for solving combinatorial optimization problems, we need also an efficient, theoretically justifiable method for constructing a neural network structure where the maximum point of the objective function corresponds to the solution to the optimization
problem to be solved. However, Boltzmann machines,
and neural network models in general, are typically
constructed by inefficient, partly quite ad-hoc methods. In particular, the neural network architecture is
usually selected in a more or less arbitrary manner
by fixing the number of nodes and the connections
between the nodes manually. The weights are then determined by a learning algorithm which first assigns
(randomly chosen) initial weights to the connections,
and uses then some gradient-based greedy algorithm
for changing the weights until the behavior of the network seems to be consistent with a sample of training
data [8–10].
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There are, however, several serious pitfalls with this
approach, which relate to the ”black box” nature of the
functioning of the resulting models: normally there is
no way of finding out what kind of knowledge a neural
network contains after the learning, nor is it possible to
explain the behavior of the model. In particular, as the
learning algorithms start with a randomly chosen initial state, “tabula rasa”, they are unable to use any prior
knowledge of the problem environment, although in
many cases this kind of information would be readily available. This results in a very slow and unreliable learning process. Besides, as most of the learning algorithms are “steepest-descent” type greedy algorithms, they are very likely to get stuck in local maximum points.
It follows that although Boltzmann machines
provide us with an efficient computational mechanism
for finding maximum points of the objective function,
finding a Boltzmann machine structure with a suitable objective function can be very difficult in practice. In this paper we present one possible solution to
this problem, focusing on a combinatorial optimization problem of great practical importance, the problem of finding the maximum a priori (MAP) probability value assignment of a probability distribution on a
set of discrete variables. More precisely, we show how
a Bayesian (belief) network model [11–13], a graphical high-level representation of a probability distribution over a set of discrete variables, can be mapped to
a Boltzmann machine architecture so that the global
maximum of the Boltzmann machine objective function (the consensus function) has the same maximum
points as the probability distribution represented by
the Bayesian network model.
Intuitively speaking, a Bayesian network model of a
probability distribution is constructed by explicitly determining all the direct (causal) dependencies between
the random variables of the problem domain: each
node in a Bayesian network represents one of the random variables of the problem domain, and the arcs
between the nodes represent the direct dependencies
between the corresponding variables. In addition, each
node has to be provided with a table of conditional
probabilities, where the variable in question is conditioned by its predecessors in the network.
The importance of Bayesian network representations lies in the way such a structure can be used as
a compact representation for many naturally occurring
distributions, where the dependencies between variables arise from a relatively sparse network of connections, resulting in relatively small conditional probab-

ility tables. In these cases, a Bayesian network representation of the problem domain probability distribution can be constructed efficiently and reliably, assuming that appropriate high-level expert domain knowledge is available. There exists also several interesting
approaches for constructing Bayesian networks from
sample data, and moreover, theoretically solid techniques for combining domain expert knowledge with
the machine learning approach (see, e.g., [14]).
The Bayesian network theory offers a framework
for constructing algorithms for different probabilistic
reasoning tasks (for a survey of probabilistic reasoning algorithms, see [15]). In this paper, we focus on
the problem of finding the MAP state in the domain
modeled by a given Bayesian network. Unfortunately,
for a general network structure, the MAP problem can
be shown to be NP-hard [16, 17], which means that
very probably it is not possible for any algorithm to
solve this task (in the worst case) in polynomial time
with respect to the size of the network. Consequently,
recently there has been a growing interest in developing stochastic algorithms for solving the MAP problem, where instead of aiming at an accurate, deterministic solution, the goal is to find a good approximation
for a given problem with high probability.
A prominent example of such stochastic methods
is the simulated annealing algorithm [18–21]. This
global optimization method can be used as the computational procedure for performing probabilistic reasoning on a Bayesian network, but the method can be
excruciatingly slow in practice. The efficiency of simulated annealing depends crucially on a set of parameters which control the behavior of the algorithm.
Elaborate techniques for optimizing these parameters
can be found in [22–29]. An alternative approach
for speeding up the simulated annealing method is
to develop parallel variants of the algorithm. Techniques for implementing parallel forms of simulated
annealing on conventional hardware can be found
in [30, 21, 31]. On the other hand, as suggested in [21],
since the Boltzmann machine updating process produces a stochastic process similar to simulated annealing, this neural network model offers an interesting
possibility for an implementation on a massively parallel architecture.
In this paper we argue that we can achieve “the
best of both worlds” by building a hybrid Bayesianneural system, where the model construction module
uses Bayesian network techniques, while the probabilistic reasoning module is implemented as a massively
parallel Boltzmann machine. For constructing such a
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hybrid Bayesian-neural system, we need a way to map
a given Bayesian network to a Boltzmann machine architecture, so that the consensus function of the resulting Boltzmann machine has the same maximum points
as the probability measure corresponding to the original Bayesian network. Although in some restricted
domains this kind of a transformation is fairly straightforward to construct [7,32–35], the methods presented
do not apply to general Bayesian network structures
(see the discussion in [36]). In [37, 38] we presented
a mapping from a binary-variable Bayesian network
to a harmony network [39], which can be regarded as
a special case of the Boltzmann machine architecture.
Following the work presented in [40, 41, 36], in this
paper we extend this framework to cases where the
Bayesian network variables can have an arbitrary number of values, and the neural network module uses the
standard Boltzmann machine structure.
Compared to other neural-symbolic hybrid systems
(see e.g. [42–45]), the Bayesian-neural hybrid system suggested here has two clear advantages. First of
all, the mathematical model behind the system is the
theoretically sound framework of Bayesian reasoning,
compared to the more or less heuristic models of most
other hybrid systems (for our earlier, heuristic attempts
towards a hybrid system, see [46–48]). Secondly, although some hybrid models provide theoretical justifications for the computations (see e.g. Shastri’s
system for evidential reasoning [49]), they may require fairly complicated and heterogeneous computing elements and control regimes, whereas the neural
network model behind our Bayesian-neural system is
structurally very simple and uniform, and confirms
to an already existing family of neural architectures,
the Boltzmann machines. In addition, the mapping
presented here creates a two-way bridge between the
symbolic and neural representations, which can be
used to create a “real” modular hybrid system where
two (or more) separate (neural or symbolic) inference
modules work together.
The mapping described in this paper produces a
Boltzmann machine updating process which corresponds in a sense to a simulated annealing process
where all the Bayesian network variables are updated simultaneously. Consequently, with suitable
massively parallel hardware, processing is quite efficient and becomes independent of the size or the structure of the Bayesian network. On the other hand, the
BM updating process works in a state space much larger than the state space of the original Bayesian network, and in terms of accuracy in sampling the prob-
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ability distribution, the BM process is only an approximation of a simulated annealing process on the
Bayesian network. It is therefore an interesting question whether the speedup gained from parallelization
compensates for the loss of accuracy in the stochastic
process. In the empirical part of the paper, we study
this question by using artificially generated test cases.
The paper is organized as follows. First in Section 2 we give the formal definition of Bayesian network models. The probabilistic reasoning task studied in this paper, the MAP problem, is discussed in
Section 3. In this section we also describe how simulated annealing can be used for solving this problem. The basic concepts of Boltzmann machine models are reviewed briefly in Section 4, and in Section 5
we describe the suggested mapping from a Bayesian
network to a Boltzmann machine. In Section 6 we
show results of simulation runs which demonstrate
that the massively parallel SA scheme provided by
the Boltzmann machine model clearly outperforms
the corresponding traditional sequential SA scheme,
provided that suitable massively parallel hardware is
available.
2.

Bayesian Networks

Let U denote a set of N discrete random variables,
U = {U1 , . . . ,UN }. We call this set our variable base.
In the sequel, we use capital letters for denoting the actual variables, and small letters u1 , . . . , uN for denoting
their values. The values of all the variables in the variable base form a configuration vector or a state vector
~u = (u1 , . . . , uN ), and all the M possible configuration
vectors (~u1 , . . . ,~uM ) form our configuration space Ω.
Hence our variable base U can also be regarded as a
~ the values of which are the configrandom variable U,
uration vectors. Generally, if X ⊆ U is a set of variables, X = {X1 , . . . , Xn }, by ~X = ~x we mean that ~x is a
vector (x1 , . . . , xn ), and Xi = xi , for all i = 1, . . . , n.
Let F denote the set of all the possible subsets of
Ω, the set of events, and let P be a probability measure defined on Ω. The triple (Ω, F , P ) now defines a
joint probability distribution on our variable base U.
Having fixed the configuration space Ω (and the set
of events F ), any probability distribution can be fully
determined by giving its probability measure P , and
hence we will in the sequel refer to a probability distribution by simply saying “the probability distribution
is P ”.
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Bayesian networks are a formalism for storing and
retrieving the configuration probabilities P {~u} in a
compact and efficient manner. The theoretical foundations of such models were set up in [50, 11, 12, 13],
where it was shown how probability distributions can
be defined efficiently by explicitly identifying and exploiting conditional independencies between the variables of U:
Definition 1.
Let X,Y and Z be sets of variables.
Then X is conditionally independent of Y , given Z, if

P {~X =~x|~Y =~y, ~Z =~z} = P {~X =~x|~Z =~z}
holds for all vectors~x,~y,~z such that P {~Y =~y, ~Z =~z} >
0.
Consequently, the variables in Z intercept any dependencies between the variables in X and the variables in Y : knowing the values of Z renders information about the values of Y irrelevant to determining
the distribution of X. Using the concept of conditional independence we can now give the definition of
Bayesian network models:
Definition 2.
A Bayesian (belief) network (BN)
representation for a probability distribution P on a
set of discrete variables U = {U1 , . . . ,UN } is a pair
{G , PG }, where G is a directed acyclic graph whose
nodes correspond to the variables U = {U1 , . . . ,UN },
and whose topology satisfies the following: each variable X ∈ U is conditionally independent of all its nondescendants in G , given its set of parents FX , and
no proper subset of FX satisfies this condition. The
second component PG is a set consisting of the corresponding conditional probabilities P {X | FX }.
As the parents of a node X can often be interpreted
as direct causes of X, Bayesian networks are also
sometimes referred to as causal networks, or as the
purpose is Bayesian reasoning, they are also called
inference networks. In the field of decision theory,
a model similar to Bayesian networks is known as
influence diagrams [51]. Rigorous introductions to
Bayesian network modeling can be found in [11, 13,
14, 52, 53].
The importance of Bayesian network structures lies
in the way such networks facilitate computing the
joint configuration probabilities P {~u} as a product of

simple conditional probabilities:
N

^

i=1

U j ∈FUi

P {~u} = ∏ P {Ui = ui |

U j = u j },

(1)

Ui , and
where FUi denotes the predecessors of variable
V
the conditional probabilities P {Ui = ui | U j ∈FU U j =
i
u j } can be found in the set PG . Consequently, having
defined a set of conditional independencies in a graphical form as a Bayesian network structure G , we can
use the conditional probabilities PG to fully determine the underlying joint probability distribution. The
number of parameters needed, m = |PG |, depends on
the density of the Bayesian network structure: m =
∑i (|Ui | ∏U j ∈FUi |U j |). In many natural situations, this
number can be several magnitudes smaller than the
size of the full configuration space. An example of
a simple Bayesian network is given in Figure 1.
Let Ci denote a set consisting of a variable Ui and all
its predecessors in a Bayesian network G, Ci = {Ui } +
FUi . We call these N sets the cliques of G. For each
clique Ci , we define a potential function Vi which maps
a given state vector to a real number,
Vi (~u) = ln P {Ui = ui |

^

U j = u j }.

(2)

U j ∈FUi

The value of a potential function Vi depends only on
the values of the variables in set Ci . As has been
noted in several occasions [33, 37, 38, 54–56], these
cliques can be used to construct an undirected graphical Markov random field model of the probability distribution P , which means that the joint probability distribution (1) for a Bayesian network representation can
also be expressed as a Gibbs distribution
1
Z

1
Z

P {~u} = e− ∑i −Vi (~u) = e∑i Vi (~u) ,

(3)

where the clique potential functions Vi are given in (2),
and Z = 1.
3.

The MAP Problem and Simulated Annealing

Let X ⊆ U be a set of variables, X = {X1 , . . . , Xn }. By
an event {~X = ~x} we mean a subset of F which includes all the configurations ~u ∈ Ω that are consistent
with the assignment hX1 = x1 , . . . , Xn = xn i. Now assume we are given a partial value assignment h~E = ~ei
on a set E ⊂ U of variables as an input, and let Pmax denote the maximal marginal probability in the set {~E =
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Fig. 1. A simple Bayesian network structure with 7 binary variables U1 , . . . ,U7 , and all the conditional probabilities required for determining
the corresponding probability distribution exactly. By “ui ” we mean here the value assignment hUi = 1i, and by “ūi ” the value assignment
hUi = 0i.

~e} consisting of all the configurations consistent with
the given value assignment, Pmax = max~u∈{~E=~e} P {~u}.
A state ~ui ∈ {~E =~e} with the property P {~ui } = Pmax is
now called a maximum a posteriori probability (MAP)
state. In this study, we are interested in the task of finding a MAP state of the configuration space Ω, given
some evidence h~E = ~ei, and we call this problem the
MAP problem.
Let us consider a Bayesian network with a joint
probability distribution of the form (3), and let us
define the potential of a state ~u as the sum of clique
potentials,
V (~u) = ∑ Vi (~u).

(4)

i

We can now clearly find a MAP state by maximizing
the potential function V .
In simulated annealing (SA) [18–21] this task is
solved by producing a stochastic process {~u(t) | t =
0, 1, . . .}, which converges to a MAP solution with
high probability. The stochastic process used in SA
is a Markov chain, which means that, at time t, the
next state ~u(t + 1) depends only on the current state
~u(t). Assuming that the current state ~u(t) is ~ui , the new
state ~u(t + 1) is produced by first generating a candidate ~u j for the next state, and the candidate is then accepted by an acceptance probability Ai j , otherwise it
is rejected, and we set ~u(t + 1) = ~u(t). For generating
a new candidate state ~u j , most versions of simulated

annealing use a simple scheme called Gibbs sampling
where only one randomly chosen variable is allowed
to change its value to a new randomly chosen value.
In the Metropolis-Hastings version [18, 57] of
simulated annealing, the acceptance probabilities are
defined by
(
Ai j (T ) =

V (~u )−V (~u )

1, if exp( j T i ) ≥ 1,
V (~u )−V (~u )
exp( j T i ), otherwise,

where T (t), the computational temperature, is a
monotonely decreasing function converging to zero as
t approaches infinity. Barker [58] has introduced an alternative method with acceptance probabilities of the
form
Ai j (t) =

1
V (~u )−V (~u )
1 + exp( iT (t) j )

.

(5)

In both cases it can be shown that the resulting
stochastic process will converge to a MAP solution with probability p, where p approaches one
as the number of iterations approaches infinity [21].
Moreover, it can be shown that if the temperature T (t)
decreases towards zero slowly enough, the convergence is almost certain even with a finite time process [20]. Unfortunately, for a theoretically guaranteed convergence, a computationally infeasible exponential number of iterations is needed. Although in
practice good results are sometimes obtained with a
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relatively small number of iterations, the method can
be excruciatingly slow. In the following, we show how
to create a massively parallel implementation of simulated annealing by using the Boltzmann machine architecture.

It follows that the BM updating process can be regarded as a Gibbs sampling process with acceptance
probabilities identical to those given in (5), with respect to a Gibbs distribution
P{~s} = exp(C(~s)/T (t)).

4.

Boltzmann Machines

A Boltzmann machine (BM) [8] is a neural network
consisting of a set of binary nodes {S1 , . . . , Sn }, where
the state si of a node Si is either 1 (“on”), or 0 (“off”).
Each arc from a unit Si to unit S j is provided with a
real-valued parameter w ji , the weight of the arc. The
arcs are symmetric, so wi j = w ji . Each unit Si is also
provided with a real-valued parameter θi , the bias of
the unit.
Let ~s = (s1 , . . . , sn ) ∈ {0, 1}n denote a global state
vector of the nodes in the network. We define the consensus of a state ~s as
n

C(~s) =

n

∑ ∑ wi j si s j ,

(6)

j=1 i= j

where wii denotes the bias θi of node Si , and the weight
wi j is defined to be 0 if Si and S j are not connected
(disregarding the sign reversal, the consensus function
is equal to the the energy of a BM model used in most
definitions).
The nodes of a BM network are updated stochastically according to the following probabilistic rule:
P(si = 1) =

1
,
1 + exp( T−I(t)i )

(7)

where Ii = ∑ j wi j s j is the net input to node Si , and T (t)
is a real-valued parameter called temperature, which
decreases with increasing time t towards zero. Consequently, each node is able to update its state locally, using the information arriving from the connecting neighbors as the input for a sigmoid function, thus
offering a possibility for a massively parallel implementation of this algorithm.
Let us consider a state ~s, and let ~r be a new state
which is produced by changing the state of node Si . It
is now relatively easy too see [36] that the difference
in consensus between the two states is exactly the net
input in (7):
C(~r) −C(~s) = ∑ wi j s j = Ii .
j

Consequently, in principle the BM model can be used
as a massively parallel tool for finding the maximum
of the consensus function. However, the acceptance
probability (7) sets here implicitly some additional requirements to the generation probabilities, since the
difference in consensus is calculated by keeping all the
nodes except one constant. For this reason, if two or
more adjacent nodes of the BM network are to be updated at the same time, the corresponding transition
probability matrix of the resulting process is no more
stochastic, and hence convergence of the algorithm
can not be guaranteed. On the other hand, if we allow
only one node to be updated at a time, convergence
can be guaranteed, but then the parallel nature of the
algorithm is lost.
To solve this dilemma, it has been suggested [59]
that the nodes of a BM network should be divided into
clusters, where no two nodes inside of a cluster are
connected to each other. Using this kind of clustered
BM models we can maintain some parallelism and update all the nodes in one cluster at the same time,
while a convergence theorem similar to the convergence theorem of simulated annealing can be proved
[21, p. 139]. Obviously, the degree of parallelism
depends on the number of clusters in the network.
Unfortunately, the problem of finding a minimal set
of clusters in a given network is NP-complete [21,
p. 141]. In the next section we deal with a special
class of BM architectures which has by definition only
two clusters, being in this sense an optimal BM architecture.
5.

Solving the MAP Problem
by Boltzmann Machines

Let us consider a Bayesian network {G , PG } for a
probability distribution P of the form (3), and let m
denote the number of conditional probabilities in PG ,
PG = {p1 , . . . , pm }. Furthermore, let λ1 , . . . , λm denote
the natural logarithms of the conditional probabilities
pi , λi = ln pi . We can now equally well forget about
the cliques altogether, and express the potential func-
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λ j,

tion (4) as
N

V (~u) = ∑ Vi (~u) =
i=1

m

∑ χ j (~u)λ j ,

(8)

j=1

where the function χ j (~u) has value one, if ~u is consistent with the value assignment corresponding to probability p j , otherwise it is zero. It is clear that if we
find the maximum of the potential function V in (8),
we have found the maximum of the probability distribution P .
For our purposes, we need the function to be maximized to be unbounded above, so we scale the strictly
negative potential function (8) by adding a constant
λ∗ to each of the parameters λ j . If we set λ∗ ≥
− min j ln p j , the new potential function becomes nonnegative. In our empirical tests described in Section 6,
we set λ∗ to be equal to − min j ln p j .
As the number of non-zero parameters χ j is always
exactly N, the number of cliques, the resulting new
potential function is equal to the original function plus
a constant Nλ∗ , and hence it has the same maximum
points as the original function. In the following, we
consider maximizing a potential function of the form
(8), with the parameters λ j scaled to positive numbers
as described above. If we manage to map this function
to a consensus function of a Boltzmann machine, we
have accomplished our goal: massively parallel solution to the MAP problem.
Let us now consider a two-layer Boltzmann machine, where the first layer consists of n = ∑i |Ui | feature nodes A1 , . . . , An , one for each value for each of
the variables of the problem domain. The second layer
has altogether m pattern nodes B1 , . . . , Bm , one node
for each of the parameters λ j in the sum in (8). Initially, let us assume that each pattern node is connected to all the feature nodes in the first layer, but no
two nodes in the same layer can be connected to each
other. The consensus function of such a network can
be expressed as
C(~s) = C(a1 , . . . , an , b1 , . . . , bm )

λ j = ln P {Ui = ui |

^

Uk = uk } + λ∗ . (10)

Uk ∈FUi

We now set the weights of the arcs between pattern
node B j and feature nodes A1 , . . . , An in the following
way:
1. The weights of all the arcs connecting node B j to
feature nodes representing values of variables not
in {Ui , FUi } are set to zero.
2. The weight from pattern node B j to a feature node
corresponding to the value ui is set to λ j , and the
weights of the arcs to feature nodes corresponding
to other values of the variable Ui are set to −λ j .
3. The weight from node B j to feature nodes corresponding to the values u j appearing on the right
hand side in (10) are set to λ j , and arcs to feature nodes representing other values of the predecessors of the variable Ui are set to −λ j .
4. The bias θ j of pattern node B j is set to (n+j −1)λ j ,
where n+j is the number of positive arcs leaving
from node B j . However, if n+j = 0, we set θ j = 0.
Following this construction for each of the pattern
nodes B j , we get a structure which we call a two-layer
Boltzmann machine (BM2 ). An example of a BM2
structure in a case of a simple Bayesian network is
shown in Figure 2. As arcs with a zero-valued weight
are irrelevant for the computations, they are excluded
from the network.
Let us now consider a Bayesian network GBN , and
the corresponding BM2 network GBM . In the sequel,
we use the term feature vector to denote the vector ~a = (a1 , . . . , an ), consisting of the states of the
feature nodes of GBM . Correspondingly, the vector
~b = (b1 , . . . , bm ), consisting of the states of the pattern
nodes is called a pattern vector.

(9)

Definition 3.
The feature vector of a two-layer
Boltzmann machine GBM is consistent (with respect to
the corresponding Bayesian network GBN ), if there is
exactly one feature node active for each of variables in
GBN , representing one possible value of that variable.

where I j = ∑i w ji ai is the net input to pattern node B j .
Let us now consider a pattern node B jVcorresponding to a parameter λ j , and let P {Ui = ui | Uk ∈FU Uk =
i
uk } be the conditional probability used for computing

From Definition 3 it follows directly that a consistent feature vector can be mapped to an instantiation of
GBN . As before, let B j be a pattern node
corresponding
V
to a parameter λ j , and let P {Ui = ui | Uk ∈FU Uk = uk }

=
=

m

n

j=1
m

i=1

∑ b j ∑ w ji ai
∑ b jIj,

j=1

i
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Fig. 2. A simple Bayesian network (on the left), and the corresponding BM2 structure with the parameters λ j . Solid lines represent arcs with
positive weight, negative arcs are printed with dashed lines.

be the conditional probability used for computing λ j .
We now say that the pattern node B j is consistent with
a feature V
node ~a if ~a is consistent with the assignment
hUi = ui , Uk ∈FU Uk = uk i. Moreover, a pattern activi
ation vector ~b is said to be consistent, if all the consistent pattern nodes are on, and all the inconsistent
pattern nodes are off. Finally, a state ~s = (~a,~b) of GBM
is called consistent if both ~a and ~b are consistent.

It is now easy to proof the following simple lemma:

Lemma 1.
ent state.

A BM2 network converges to a consist-

Proof:
Let ~s = (~a,~b) be the final state of a BM2
updating process. We know that ~s is a state which
maximizes the consensus C(~s) = ∑mj=1 b j I j . It is now
easy too see that if ~a is a consistent vector, ~b must also
be consistent, since if there were inconsistent pattern
nodes active on the second layer in this case, switching
them off would increase the consensus of the network,
and correspondingly, switching any inactive consistent
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pattern node on would increase the consensus. On the
other hand, ~a can not be inconsistent, since in this case
all the pattern nodes connected to inconsistent feature
nodes would be inactive, which means that removing
inconsistencies would increase the number of active
pattern nodes, thus increasing the consensus. It now
follows that ~s = (~a,~b) must be a consistent state.
Using this lemma, we can show that the BM2 structure can be used for solving the MAP problem:
Proposition 1. The updating process of the BM2
network converges to a state which maximizes the potential function V of the corresponding Bayesian network GBN , provided that all the parameters λ j are nonnegative.
Proof:
According to Lemma 1, the network converges to a maximum consensus state where all the
active pattern nodes are consistent with the consistent
feature vector. This means that each final feature vector ~a corresponds to an instantiation ~u. It is easy to see
that the net input I j to a consistent pattern node B j is
λ j , and hence it follows that
m

max C(~s) = max max ∑ b j I j
~s

~a

~b

j=1

m

= max ∑ max (b j I j )
~a

j=1 b j ∈{0,1}
m

= max ∑ χ j (~u)λ j
~u

j=1

= max V (~u).
~u

Please note that if the parameters λ j were not scaled
to nonnegative numbers as suggested earlier, the potential function would be strictly negative, and the
BM2 construction would be useless, since the network
would then always have a trivial maximum point at
zero, corresponding to a state where all the nodes are
off.
6.
6.1.

Empirical Results
The Setup

To empirically test the effectiveness of the BM2 construction, we generated several MAP instantiation
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problems, with N, the number of variables, ranging
from 2 to 24. For each N, we generated 10 random
Bayesian networks, and attached to each network a
random MAP instantiation problem by clamping half
of the variables to randomly chosen values. This same
test was performed with three different algorithms. As
a benchmark, we used a brute force search algorithm
(denoted by BF), which is guaranteed to find the MAP
solution in |ΩE | ∗ m time steps, where |ΩE | is the number of possible solutions, and m is the number of conditional probabilities attached to the Bayesian network
in question. Secondly, we used a sequential simulated
annealing algorithm on the Bayesian network (denoted
by SSA), and the corresponding massively parallel
BM2 updating process (denoted here by BMSA). As
we did not have access to real neural hardware, the
BMSA model was tested by running simulations on
a conventional Unix workstation. The time requirement for one iteration of the SSA was assumed to be
O(m), whereas the time requirement for one iteration
for the BMSA algorithm was assumed to be O(1) (all
the nodes on one layer were updated at the same time,
so updating the whole network took 2 time steps).
When considering the performance of the SSA or
the BMSA algorithm, it is clear that the most critical issue is finding a suitable cooling scheme. Unfortunately, the theoretically correct logarithmic cooling
scheme described in [20] can not be used in practice,
since the number of iterations required grows too high
even with relatively low starting temperatures: for instance, starting with the initial temperature of 2, annealing down to 0.1 would require more than 485 million iteration steps. The problem with heuristic annealing schemes is that if the annealing is done too
cautiously, an unnecessarily large amount of computing time may be spent. On the other hand, if the
annealing is done too quickly, the theoretical convergence results do not apply, and the results are unreliable. Recent theoretical modifications applied in fast
annealing (FA) [24] and adaptive simulated annealing (ASA) [22, 23] offer interesting alternatives to the
exponential Metropolis form of simulated annealing
used in this study, but it is currently not clear whether
the framework presented here can be extended to these
forms of simulated annealing as well. This poses
an interesting research problem that deserves further
study.
In the experiments performed, our primary objective was not to study the efficiency of the sequential and massively parallel algorithms per se, but to
see whether the speedup gained from parallelization
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would be enough to compensate for the loss of accuracy in sampling — in other words, whether the BM2
construction would be computationally practical to use
in principle, if suitable hardware was available. It
should be noted that as SSA and BMSA use the same
parameters for determining the cooling schedule of the
annealing algorithm, it seems reasonable to assume
that use of the more sophisticated variants of simulated
annealing [22–29] would demonstrate roughly equal
speedup for both SSA and BMSA.
In our empirical tests, the temperature was lowered
according to a simple cooling schedule, where the
temperature was multiplied after each iteration by a
constant annealing factor F, F < 1.0. A more detailed
study of the behavior of SSA and BMSA with different
annealing factors can be found in [36]. Based on this
study, in the tests reported here, the annealing factor
was set to 0.66. Although simple, this type of cooling schedule is very common, and has proven successful in many applications [21]. It is also empirically
observed that more sophisticated annealing methods
do not necessarily produce any better results than this
simple method [60].
The main goal of the experiments was to study the
behavior of the SSA and BMSA algorithms with increasingly complex MAP problems. The complexity
of these problems can be increased in two ways: by
changing the properties of the probability distribution
on the configuration space in question, or by changing the size of the configuration space. We experimented with three methods for changing the configuration space probability distribution: by restricting the
conditional probabilities of the Bayesian networks to
small regions near zero or one, by changing the density of the Bayesian network structure, and by changing the size of the evidence set E, i.e. by changing
the number of clamped variables. The size of the configuration space was increased in two ways: by allowing more variables in the Bayesian networks, and by
allowing the variables to have more values.
6.2.

The Results

It has been noted [61] that solving certain types of
probabilistic reasoning tasks can become very difficult if the Bayesian network contains a lot of extreme
probabilities (probabilities with values near zero or
one). However, as already noted in [38], in our MAP
problem framework this does not seem to be true.
We experimented by restricting the randomly gener-

ated conditional probabilities of the Bayesian network
model in the regions [0.0, δ], [1.0 − δ, 1.0], and varied
the value of δ between 0.5 and 0.0001, but observed
no significant effect on the results with either SSA or
BMSA. It would be an interesting research problem to
study (analytically or empirically) how the Bayesian
network probability distribution P changes with the
parameter ε, but this question was not addressed here.
Increasing the density of Bayesian networks not
only changes the shape of the probability distribution
on the configuration space, but it also imposes a computational problem as it increases m, the number of
the conditional probabilities that need to determined
for the model. Since the BMSA algorithm (or actually its simulated massively parallel implementation)
is independent of m, increasing the density does not
affect the BMSA solution time very much, whereas
the solution time of SSA increases significantly (see
Figure 3). Nevertheless, it should be noted that we
have here extended our experiments to very dense,
and even fully connected networks. Naturally, this
does not make any sense in practice, since the whole
concept of Bayesian networks relies on the networks
being relatively sparse. For this reason, in the sequel
we use in our experiments relatively sparse networks
only (which does not, however, mean that the networks were singly-connected or otherwise structurally
simple).
The test set corresponding to Figure 3 consisted of
100 MAP problems on 10 Bayesian networks with
only 8 binary nodes. When considering the results,
it should be kept in mind that although the BF algorithm seems to work relatively well with these small
networks, it does not scale up with increasing size of
the networks (as we shall see in Figure 6). For the
same reason, the exhaustive BF algorithm performs
well with a small number of unclamped variables (in
which case the search space is small), but from Figure 4 we see that as the number of unclamped variables
increases, the time required for running BF grows rapidly. Both SSA and BMSA appear to be quite insensitive to the number of instantiated variables. In these
tests, we used 100 MAP problems on 10 Bayesian networks with 16 binary variables.
In Figure 5, we plot the behavior of the algorithms
as a function of the increasing configuration space,
when the maximum number of variable values is increased. The test set consisted of 100 MAP problems on 10 10-node Bayesian networks with half of
the variables clamped in advance. With networks of
this size, the SSA algorithm seems to perform only
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7.

2e+06
BF

Average time before success

comparably to the BF algorithm. However, when the
size of the networks is increased, the general tendency
is clear: the exhaustive BF algorithm starts to suffer
from combinatorial explosion, and fails to provide a
computationally feasible solution to the MAP problem
(see Figure 6). The SSA and BMSA algorithms, on
the other hand, seem to scale up very well. In Figure 6, each data point corresponds to a test set consisting of 100 MAP problems on 10 Bayesian networks
with binary nodes, and as before, half of the variables
were clamped in advance.
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Conclusion and Future Work
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We presented a method for solving probabilistic reasoning tasks, formulated as finding the MAP state of
a given Bayesian network, by a massively parallel
neural network computer. Our experimental simulations strongly suggest that the massively parallel
BMSA algorithm outperforms the sequential SSA al-

500000
400000
300000
SSA
200000

SSA
100000

Average time before success

140000

5

100000

10

15
Number of variables

20

25
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Fig. 3. The behavior of the BMSA and SSA algorithms as a function of the density of Bayesian network.
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Fig. 4. The behavior of the algorithms as a function of the number
of the unclamped variables.

gorithm, provided that suitable hardware is available.
As can be expected, the proportional speedup gained
from parallelization seems to increase with increasing
problem complexity.
It should be noted that our SSA realization of the
Gibbs sampling/annealing method uses a heuristic
cooling schedule which does not fulfill the theoretical
requirements of the convergence theorem of SA. What
is more, even as an approximation of the theoretically
correct algorithm, the SSA method is not a very sophisticated alternative, and there exist several elaborate
techniques for making the algorithm much more efficient than in the experiments here. Nevertheless, it can
also be argued that the same techniques would probably yield a similar speedup for the BMSA algorithm
as well. Consequently, we believe that these results
show that if suitable neural hardware is available, the
BMSA algorithm offers a promising basis for building
an extremely efficient tool for solving MAP problems.
From the Bayesian network point of view, the mapping presented here provides an efficient implementational platform for performing probabilistic reason-
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ing with the stochastic simulated annealing algorithm.
From the neural network point of view, the mapping offers an interesting opportunity for constructing neural models from expert knowledge, instead of
learning them from raw data. The resulting neural
network could also be used as a (cleverly chosen)
initial starting point to some of the existing learning algorithms [8–10, 62] for Boltzmann machines,
in which case the learning problem should become
much easier than with a randomly chosen initial state.
Moreover, the resulting “fine-tuned” neural network
could also be mapped back to a Bayesian network
representation after the learning, which means that
the mapping can also be seen as a tool for extracting
high-level knowledge from neural networks. From the
Bayesian network point of view, this kind of a “finetuning” learning process could also be useful in detecting mutually inconsistent probabilities, or other inconsistencies in the underlying Bayesian network representation.
It should also be noted that the results presented
here can in principle be used as a computationally efficient, massively parallel tool for solving optimization
problems in general, and not only for solving MAP
problems as formulated here. Naturally, the efficiency
of such an approach would largely depend on the degree to which the function to be maximized can be decomposed as a linear sum of functions, each depending only on a small subset of variables (corresponding to the cliques in the Bayesian network formalism).
Further studies on this subject are left as a goal for future research.
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