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Abstract. When high-dimensional data vectors are visualized on a two- or three-dimensional display,
the goal is that two vectors close to each other in the multi-dimensional space should also be close to
each other in the low-dimensional space. Traditionally, closeness is defined in terms of some standard
geometric distance measure, such as the Euclidean distance, based on a more or less straightforward
comparison between the contents of the data vectors. However, such distances do not generally reflect
properly the properties of complex problem domains, where changing one bit in a vector may completely
change the relevance of the vector. What is more, in real-world situations the similarity of two vectors
is not a universal property: even if two vectors can be regarded as similar from one point of view, from
another point of view they may appear quite dissimilar. In order to capture these requirements for
building a pragmatic and flexible similarity measure, we propose a data visualization scheme where the
similarity of two vectors is determined indirectly by using a formal model of the problem domain; in our
case, a Bayesian network model. In this scheme, two vectors are considered similar if they lead to similar
predictions, when given as input to a Bayesian network model. The scheme is supervised in the sense
that different perspectives can be taken into account by using different predictive distributions, i.e., by
changing what is to be predicted. In addition, the modeling framework can also be used for validating the
rationality of the resulting visualization. This model-based visualization scheme has been implemented
and tested on real-world domains with encouraging results.
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HIJK LMNOPQRMKS IMSITLMU JKNMVKQP LQWQ VK Q WXVT VY WIYJJTLMU JKNMVKQP LJZM[J \ JQ[I LQWQ ZJ[TWVY IQN WV ] J OYVZMLJL X MWI WIJ [VYYJNOVKLMKS ^_ VY `_ [VVYLMKQWJN XIM[I LJWJYU MKJ MWN ZMNaQPPV [QWMVK b cK WYQLMWMVKQP NWQWMNWM[QP LQWQ QKQPRNMN dNJJ \ J bS b\ ef \ ghi \ WIMN WQNj MN jKVXK QN � ��"="� �#5�"�#!� �1!�"#k b lYVU VKJ OJYNO J[WMZJ \ UaPWMLMU JKNMVKQP N[QPMKS [QK ]J NJJK QN Q LQWQ [VUOYJNNMVKVY LQWQ YJLa[WMVK WQNj \ XIJYJ WIJ SVQP MN WV YJOPQ[J WIJ VYMSMKQP IMSITLMU JKNMVKQP LQWQ ZJ[WVYNX MWI Ua[I NIVYWJY ZJ[WVYN \ XIMPJ PVNMKS QN PMWWPJ MKmVYU QWMVK QN OVNNM] PJ b nVKNJoaJKWPR\ Q OYQSTU QWM[QPPR NJKNM] PJ LQWQ YJLa[WMVK N[IJU J MN Na[I WIQW WXV ZJ[WVYN [PVNJ WV JQ[I VWIJY MK WIJUaPWMLMU JKNMVKQP NOQ[J QYJ QPNV [PVNJ WV JQ[I VWIJY MK WIJ WIYJJTLMU JKNMVKQP NOQ[J b pIMN YQMNJNWIJ oaJNWMVK Vm Q LMNWQK[J U JQNaYJ q XIQW MN Q U JQKMKSmaP LJrKMWMVK Vm NMU MPQYMWR XIJK LJQPMKSX MWI IMSITLMU JKNMVKQP ZJ[WVYN MK [VUOPJs LVU QMKNt
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pYQLMWMVKQPPR\ NMU MPQYMWR MN LJrKJL MK WJYU N Vm NVU J NWQKLQYL SJVU JWYM[ LMNWQK[J U JQNaYJ \ Na[IQN WIJ ua[PMLJQK LMNWQK[J b vVXJZJY \ Na[I LMNWQK[JN LV KVW SJKJYQPPR OYVO JYPR YJwJ[W WIJ OYVO JYWMJNVm [VUOPJs OYV]PJU LVUQMKN \ XIJYJ WIJ LQWQ WROM[QPPR MN KVW [VLJL MK Q SJVU JWYM[ VY NOQWMQP mVYU bcK WIMN WRO J Vm LVU QMKN \ [IQKSMKS VKJ ]MW MK Q ZJ[WVY U QR WVWQPPR [IQKSJ WIJ YJPJZQK[J Vm WIJZJ[WVY \ QKL U QjJ MW MK NVU J NJKNJ oaMWJ Q LMxJYJKW ZJ[WVY \ QPWIVaSI SJVU JWYM[QPPR WIJ LMxJYJK[J MNVKPR VKJ ]MW b cK QLLMWMVK \ MK YJQPTXVYPL NMWaQWMVKN WIJ NMU MPQYMWR Vm WXV ZJ[WVYN MN KVW Q aKMZJYNQPOYVO JYWR\ ]aW LJO JKLN VK WIJ NO J[Mr[ mV [aN Vm WIJ aNJY q JZJK Mm WXV ZJ[WVYN [QK ]J YJSQYLJL QNNMU MPQY mYVU VKJ OVMKW Vm ZMJX \ WIJR U QR QOOJQY oaMWJ LMNNMU MPQY mYVU QKVWIJY OVMKW Vm Z MJX b cKVYLJY WV [QOWaYJ WIJNJ YJoaMYJU JKWN mVY ]aMPLMKS Q OYQSU QWM[QPPR NJKNM] PJ NMU MPQYMWR U JQNaYJ \ MKWIMN OQOJY XJ OYVOVNJ QKL QKQPRyJ Q LQWQ ZMNaQPMyQWMVK N[IJU J XIJYJ WIJ NMU MPQYMWR Vm WXV ZJ[WVYNMN KVW LMYJ[WPR LJrKJL QN Q maK[WMVK Vm WIJ [VKWJKWN Vm WIJ ZJ[WVYN \ ]aW YQWIJY LJWJYU MKJL MKLMYJ[WPR]R aNMKS Q mVYU QP UVLJP Vm WIJ OYV]PJU LVUQMK z MK VaY [QNJ \ Q {QRJNMQK KJWXVYj UVLJP LJrKMKSQ |VMKW OYV]Q]MPMWR LMNWYM]aWMVK VK WIJ LVU QMK b lYVU VKJ OVMKW Vm Z MJX \ WIJ {QRJNMQK KJWXVYjUVLJP [QK ]J YJSQYLJL QN Q UVLaPJ XIM[I WYQKNmVYU N WIJ ZJ[WVYN MKWV OYV]Q]MPMWR LMNWYM]aWMVKN \QKL WIJ LMNWQK[J Vm WIJ ZJ[WVYN MN WIJK LJrKJL MK OYV]Q]MPMWR LMNWYM]aWMVK NOQ[J \ KVW MK WIJ NOQ[JVm WIJ VYMSMKQP ZJ[WVYN b
cW IQN ] JJK NaSSJNWJL WIQW WIJ YJNaPWN Vm U VLJPT]QNJL ZMNaQPMyQWMVK WJ[IKMoaJN [QK ]J [VU TOYVU MNJL Mm WIJ aKLJYPR MKS UVLJP MN ]QL b pIMN MN Vm [VaYNJ WYaJ \ ]aW XJ [PQMU WIQW WIJ NQU J IVPLNQPNV mVY WIJ NVT[QPPJL UVLJPTmYJJ QOOYVQ[IJN \ QN JQ[I Vm WIJNJ QOOYVQ[IJN [QK ]J MKWJYOYJWJL QN QUVLJPT]QNJL UJWIVL XIJYJ WIJ UVLJP MN |aNW KVW JsOPM[MWPR YJ[VSKMyJL b lVY JsQUOPJ \ WIJ NWQKLQYLua[PMLJQK LMNWQK[J U JQNaYJ MN MKLMYJ[WPR ]QNJL VK Q LVU QMK UVLJP QNNaU MKS MKLJO JKLJKW QKLKVYU QPPR LMNWYM]aWJL QWWYM]aWJN b pIMN MN Vm [VaYNJ Q ZJYR NWYVKS QNNaUOWMVK WIQW LVJN KVW aNaQPPRIVPL MK OYQ[WM[J b HJ QYSaJ WIQW ]R aNMKS mVYU QP UVLJPN MW ] J[VU JN OVNNM] PJ WV YJ[VSKMyJ QKLYJPQs WIJ aKLJYPR MKS QNNaUOWMVKN WIQW LV KVW IVPL \ XIM[I PJQLN WV ] JWWJY UVLJPN \ QKL UVYJVZJY \WV UVYJ YJQNVKQ]PJ QKL YJPMQ]PJ ZMNaQPMyQWMVKN b
} + !���"!# &~��"�0 ' # ����%< e^� \ ^ �h MN Q YJOYJNJKWQWMVK Vm Q OYV]Q]MPMWR LMNWYM]aWMVK VZJY QNJW Vm YQKLVU ZQYMQ]PJN \ [VKNMNWMKS Vm QK Q[R[PM[ LMYJ[WJL SYQOI \ XIJYJ WIJ KVLJN [VYYJNOVKL WVLVU QMK ZQYMQ]PJN \ QKL WIJ QY[N LJrKJ Q NJW Vm MKLJO JKLJK[J QNNaUOWMVKN XIM[I QPPVX WIJ | VMKWOYV]Q]MPMWR LMNWYM]aWMVK mVY Q LQWQ ZJ[WVY WV ] J mQ[WVYMyJL QN Q OYVLa[W Vm NMUOPJ [VKLMWMVKQPOYV]Q]MPMWMJN b pJ[IKMoaJN mVY PJQYKMKS Na[I UVLJPN mYVU NQUOPJ LQWQ QYJ LMN[aNNJL MK e��h b �KJVm WIJ U QMK QLZQKWQSJN Vm WIJ {QRJNMQK KJWXVYj UVLJP MN WIJ mQ[W WIQW X MWI [JYWQMK WJ[IKM[QPQNNaUOWMVKN MW MN O VNNM] PJ WV U QYSMKQPMyJ dMKWJSYQWJi VZJY QPP OQYQU JWJY MKNWQKWMQWMVKN MK VYLJY WVOYVLa[J WIJ [VYYJNOVKLMKS OYJLM[WMZJ LMNWYM]aWMVK e� \ �`h b } N LJUVKNWYQWJL MK \ J bS b\ e�fh \ Na[IU QYSMKQPMyQWMVK MUOYVZJN WIJ OYJLM[WMZJ Q[[aYQ[R Vm WIJ {QRJNMQK KJWXVYj UVLJP \ JNO J[MQPPR MK[QNJN XIJYJ WIJ QUVaKW Vm NQUOPJ LQWQ MN NU QPP b � YQ[WM[QP QPSVYMWIU N mVY O JYmVYU MKS OYJLM[WMZJMKmJYJK[J MK SJKJYQP {QRJNMQK KJWXVYjN QYJ LMN[aNNJL mVY JsQUOPJ MK e^� \ �� \ �� \ �h b
cK VaY NaOJYZMNJL UVLJPT]QNJL ZMNaQPMyQWMVK N[IJU J \ �� � :�1��%� !%� 1�#�"=�%�= �"� "�!% "0�� �� ��!= �� �"� "�!% � %�="1�"�#�\ XIJK SMZJK QN MKOaW WV WIJ NQU J {QRJNMQK KJWXVYj UVLJP b pIJN[IJU J MN NaO JYZMNJL \ NMK[J LMxJYJKW O JYNO J[WMZJN Vm LMxJYJKW aNJYN QYJ WQjJK MKWV Q[[VaKW ]R aNMKSLMxJYJKW OYJLM[WMZJ LMNWYM]aWMVKN \ M bJ b\ ]R [IQKSMKS XIQW MN WV ] J OYJLM[WJL b pIJ MLJQ MN YJPQWJLWV WIJ {QRJNMQK LMNWQK[J U JWYM[ NaSSJNWJL MK e��h QN Q U JWIVL mVY LJrKMKS NMU MPQYMWR MK WIJ [QNJT]QNJL YJQNVKMKS mYQU JXVYj b pIJ YJQNVK mVY aN WV aNJ {QRJNMQK KJWXVYjN MK WIMN [VKWJsW MN WIJmQ[W WIQW WIMN MN WIJ UVLJP mQU MPR XJ QYJ UVNW mQU MPMQY X MWI \ QKL Q[[VYLMKS WV VaY JsOJYMJK[J \ MWOYVLa[JN UVYJ Q[[aYQWJ OYJLM[WMZJ LMNWYM]aWMVKN WIQK QPWJYKQWMZJ WJ[IKMoaJN b �JZJYWIJPJNN \ WIJYJMN KV YJQNVK XIR NVU J VWIJY UVLJP mQU MPR [VaPL KVW QPNV ] J aNJL MK WIJ NaSSJNWJL ZMNaQPMyQWMVKN[IJU J \ QN PVKS QN WIJ UVLJPN QYJ Na[I WIQW WIJR OYVLa[J Q OYJLM[WMZJ LMNWYM]aWMVK b pIJ OYMK[MO PJNVm WIJ SJKJYM[ ZMNaQPMyQWMVK N[IJU J QYJ LJN[YM] JL MK UVYJ LJWQMP MK �J[WMVK ^ b
� MNaQPMyQWMVKN Vm IMSITLMU JKNMVKQP LQWQ [QK ]J JsOPVMWJL MK rKLMKS YJSaPQYMWMJN MK [VUOPJsLVU QMKN z MK VWIJY XVYLN \ MK LQWQ U MKMKS QOOPM[QWMVKN b } N VaY ZMNaQPMyQWMVK N[IJU J MN ]QNJL VK
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{QRJNMQK KJWXVYj UVLJPN \ VKJ [QK NQR WIQW XJ QYJ aNMKS {QRJNMQK KJWXVYjN mVY LQWQ U MKMKS bvVXJZJY \ MW MN MUOVYWQKW WV YJQPMyJ WIQW VaY QOOYVQ[I MN maKLQUJKWQPPR LMxJYJKW mYVU WIJ UVYJLMYJ[W QOOPM[QWMVK Vm {QRJNMQK KJWXVYjN mVY LQWQ U MKMKS \ LMN[aNNJL MK \ J bS b\ e�^h � QN {QRJNMQKKJWXVYj UVLJPN YJOYJNJKW YJSaPQYMWMJN mVaKL MK WIJ OYV]PJU LVUQMK \ WIJR [QK V]ZMVaNPR ] J aNJLmVY LQWQ U MKMKS WQNjN ]R JsQU MKMKS WIJ OYVO JYWMJN Vm WIJ UVLJP b cK VaY [QNJ \ VK WIJ VWIJY IQKL \LQWQ U MKMKS MN KVW O JYmVYU JL ]R JsQU MKMKS WIJ OYVO JYWMJN Vm WIJ UVLJP MWNJPm \ ]aW ]R ZMNaQPMyMKSWIJ OYJLM[WMZJ LMNWYM]aWMVKN OYVLa[JL ]R WIJ UVLJP b HJ XVaPL PMjJ WV JUOIQNMyJ WIQW XJ QYJKVW NaSSJNWMKS KVW WV aNJ {QRJNMQK KJWXVYjN mVY LQWQ U MKMKS ]R JsQU MKMKS WIJ UVLJP OYVO JYWMJN zYQWIJY \ XJ NJJ VaY ZMNaQPMyQWMVK N[IJU J QN Q [VUOPJU JKWQYR WJ[IKMoaJ WIQW [QK ]J aNJL MK QLLMWMVKWV KVYU QP QOOPM[QWMVK Vm {QRJNMQK KJWXVYjN b
pIJ N[IJU J NaSSJNWJL ]R {MNIVO QKL pMOOMKS e^h YJOYJNJKWN QKVWIJY MKWJYJNWMKS OVNNM] MPMWR mVYQOOPRMKS {QRJNMQK KJWXVYj UVLJPN MK LQWQ ZMNaQPMyQWMVK QKL LQWQ U MKMKS b {MNIVO QKL pMOOMKSYJSQYL WIJ ZMNaQP [VVYLMKQWJN QN U MNNMKS MKmVYU QWMVK \ QKL JNWMU QWJ WIMN MKmVYU QWMVK ]R aNMKSNWQKLQYL WJ[IKMoaJN mVY PJQYKMKS PQWJKW ZQYMQ]PJ UVLJPN b cK Q NJKNJ \ WIMN QOOYVQ[I YJNJU]PJN WIJQOOYVQ[I OYJNJKWJL IJYJ \ QN WIJ ZMNaQPMyQWMVK MN JNNJKWMQPPR ]QNJL VK WIJ OYJLM[WMZJ LMNWYM]aWMVKVm WIJ PQWJKW ZQYMQ]PJ b vVXJZJY \ WIJ N[IJU J MN [VUOPJWJPR aKNaOJYZMNJL q WIJ ZMNaQPMyQWMVKN QYJQPXQRN U QLJ X MWI YJNOJ[W WV WIJ PQWJKW ZQYMQ]PJ q XIMPJ MK VaY NaOJYZMNJL [QNJ WIJ OYJLM[WMZJLMNWYM]aWMVK [VK[JYKN VKJ VY UVYJ Vm WIJ VYMSMKQP ZQYMQ]PJN b }KVWIJY LMxJYJK[J MN WIQW VaY N[IJU JMN wQW MK WIJ NJKNJ WIQW WIJ YJNaPW Vm WIJ ZMNaQPMyQWMVK OYV [JNN MN VKJ OM[WaYJ \ XIMPJ WIJ PQWJKWZQYMQ]PJ U JWIVL LJN[YM]JL MK e^h OYVLa[JN Q IMJYQY[IR Vm OM[WaYJN QW LMxJYJKW PJZJPN b }LQOWMKSWIJ MLJQ Vm IMJYQY[IM[QP ZMNaQPMyQWMVK WV VaY NaOJYZMNJL UVLJPT]QNJL ZMNaQPMyQWMVK N[IJU J XVaPLU QjJ QK MKWJYJNWMKS YJNJQY[I WVOM[ b
�VIVKJK �N � ��0 5�%k !#"� "#k � !� � d��� Ni e��h VxJY RJW QKVWIJY U JWIVL mVY ZMNaQPMyMKS IMSITLMU JKNMVKQP LQWQ \ ]aW MW NIVaPL ] J KVWJL WIQW WIJ QOOYVQ[I MN maKLQUJKWQPPR LMxJYJKW mYVU WIJN[IJU J NaSSJNWJL IJYJ � Q ��� MN ]QNJL VK Q KJMSI]VYIVVLTOYJNJYZMKS WVOVPVSM[QP U QO WaKJLQ[[VYLMKS WV SJVU JWYM[ OYVO JYWMJN Vm NQUOPJ ZJ[WVYN \ MKNWJQL Vm JsOPVMWMKS OYV]Q]MPMNWM[ LMNWYM]aTWMVKN OYVLa[JL ]R Q mVYU QP UVLJP b nVKNJoaJKWPR\ QPWIVaSI WIJ N[IJU J MN ma PPR aKNaOJYZMNJL PMjJWIJ N[IJU J NaSSJNWJL ]R {MNIVO QKL pMOOMKS \ NWYM[WPR NO JQjMKS WIJ U JWIVL MN KVW UVLJPT]QNJLMK WIJ NQU J NJKNJ QN WIJ {QRJNMQK KJWXVYj ]QNJL QOOYVQ[I LMN[aNNJL Q]VZJ b } UVYJ MKZVPZJLLMN[aNNMVK VK WIMN WVOM[ [QK ]J mVaKL MK e�h b
} N LMN[aNNJL MK e^h \ XIJK [VUOQYMKS {QRJNMQK UVLJPT]QNJL ZMNaQPMyQWMVK QOOYVQ[IJN WV WIJOYV| J[WMVK OaYNaMW QKL YJPQWJL ZMNaQPMyQWMVK U JWIVLN dNJJ \ J bS b\ e�h QKL WIJ YJmJYJK[JN WIJYJMK i \XJ [QK U QjJ WIJ mVPPVX MKS V]NJYZQWMVKN � l MYNWPR\ WIJ {QRJNMQK QOOYVQ[I MN OQYQU JWJYTmYJJ MKWIJ NJKNJ WIQW WIJ aNJY MN KVW YJoaMYJL WV OQYWM[MOQWJ MK WIJ LQWQ ZMNaQPMyQWMVK OYV [JNN \ ]aW WIJOYV [JNN [QK ]J maPPR QaWVU QWJL b �JZJYWIJPJNN \ WIJ OYMVY LMNWYM]aWMVKN Vm Q {QRJNMQK UVLJP VxJY WIJaNJY Q WIJVYJWM[QPPR | aNWMrQ]PJ U JWIVL mVY QxJ[WMKS WIJ UVLJP [VKNWYa[WMVK OYV [JNN \ QKL IJK[JWIJ YJNaPWMKS ZMNaQPMyQWMVK \ Mm Na[I MKWJYZJKWMVK MN [VKNMLJYJL aNJmaP b �J[VKLPR\ MK [VKWYQNW WVWYQLMWMVKQP �IQYL� IMJYQY[IM[QP LQWQ OQYWMWMVKMKS QKL ZMNaQPMyQWMVK U JWIVLN \ {QRJNMQK U JWIVLNXVYj X MWI �NVmW� aK[JYWQMKWMJN dOYV]Q]MPMWMJNi \ QKL [QK IJK[J ] J JsOJ[WJL WV OYVLa[J UVYJ NUVVWIQKL YV]aNW ZMNaQPMyQWMVKN b
} mWJY OYVLa[MKS Q ^_ VY `_ ZMNaQPMyQWMVK Vm Q [VUOPJs LVU QMK \ QK V]ZMVaN oaJNWMVK [VK[JYKNWIJ oaQPMWR Vm WIJ YJNaPW � IVX LV XJ jKVX XIJWIJY WIJ ZMNaQP OM[WaYJ YJOYJNJKWN WIJ OYV]PJULVUQMK MK Q YJQNVKQ]PJ U QKKJYt pIMN oaJNWMVK [QK Vm [VaYNJ ] J OQYWPR QKNXJYJL WIYVaSI WIJYJNaPWN Vm Q LQWQ U MKMKS OYV [JNN � Mm WIJ aNJY MN [QOQ]PJ Vm LMN[VZJYMKS KJX \ MKWJYJNWMKS YJSaPQYMWMJNMK WIJ LQWQ ]QNJL VK WIJ ZMNaQPMyQWMVK V]WQMKJL \ XJ [QK NQR WIQW WIJ ZMNaQPMyQWMVK MN MK NVU JNJKNJ YJQNVKQ]PJ \ QW PJQNW mYVU Q OYQSU QWM[ OVMKW Vm Z MJX b vVXJZJY \ XJ XVaPL PMjJ WV [VU J aOX MWI Q UVYJ WIJVYJWM[QPPR YMSVYVaN \ NWQWMNWM[QP U JWIVLVPVSR mVY JNWMU QWMKS WIJ oaQPMWR Vm LMxJYJKWZMNaQPMyQWMVKN b pIMN MUOVYWQKW oaJNWMVK MN LMN[aNNJL MK �J[WMVK ` b
pIJ UVLJPT]QNJL ZMNaQPMyQWMVK N[IJU J LMN[aNNJL Q]VZJ IQN ] JJK MUOPJU JKWJL QKL WJNWJL VK
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YJQPTXVYPL LVU QMKN X MWI JK[VaYQSMKS YJNaPWN b cPPaNWYQWMZJ JsQUOPJN X MWI Oa]PM[TLVU QMK [PQNNMTr[QWMVK LQWQNJWN QYJ OYJNJKWJL MK �J[WMVK � b �VYJ MKZVPZJL OYV| J[WN mVY QKQPRyMKS YJQPTXVYPLLQWQ X MWI LVU QMK JsOJYWN QYJ [aYYJKWPR MK OYVSYJNN MK [VTVO JYQWMVK X MWI WIJ vJPNMKjM �KMZJYNMWRnJKWYQP vVNOMWQP dQ U JLM[QP LMQSKVNMN OYV]PJU YJPQWJL WV WIJ vJPNMKjM vJQYW �WaLR OYV| J[Wi QKLNJZJYQP LVU JNWM[ MKLaNWYMQP OQYWKJYN b �KJ Vm WIJ OQYWKJYN IQN QPNV NWQYWJL [VUUJY[MQPMyMKS WIJZMNaQPMyQWMVK U JWIVL QN OQYW Vm Q SJKJYM[ {QRJNMQK LQWQ U MKMKS WVVP WV ] J YJPJQNJL PQWJY b
� �E� �B�G��D �CD�������D � G�E��G �AGC@
¡JW ¢ £

{¤1, . . . , ¤N}
LJKVWJ Q [VPPJ[WMVK Vm

N
ZJ[WVYN JQ[I [VKNMNWMKS Vm ZQPaJN Vm

n
QWWYM]aWJN

X1, . . . , Xn

b lVY NMUOPM[MWR\ MK WIJ NJoaJP XJ X MPP QNNaU J WIJ QWWYM]aWJN
Xi

WV ] J LMN[YJWJ b �VXPJW ¢ ′ LJKVWJ Q KJX LQWQ U QWYMs XIJYJ JQ[I
n
T[VUOVKJKW LQWQ ZJ[WVY ¤ i

MN YJOPQ[JL ]R Q WXVT VYWIYJJT[VUOVKJKW LQWQ ZJ[WVY ¤ ′

i

b } N WIMN KJX LQWQ U QWYMs [QK JQNMPR ] J OPVWWJL VK Q WXVT VY WIYJJTLMU JKNMVKQP LMNOPQR\ XJ X MPP [QPP ¢ ′ WIJ ZMNaQPMyQWMVK Vm LQWQ ¢ b nVKNJoaJKWPR\ mVY ZMNaQPMyMKSIMSITLMU JKNMVKQP LQWQ \ XJ KJJL WV rKL Q WYQKNmVYU QWMVK dmaK[WMVK i XIM[I U QON JQ[I LQWQ ZJ[WVYMK WIJ LVU QMK NOQ[J WV Q ZJ[WVY MK WIJ ZMNaQP NOQ[J b cK VYLJY WV SaQYQKWJJ WIJ aNJmaPKJNN VmWIJ WYQKNmVYU QWMVK aNJL \ QK V]ZMVaN YJoaMYJU JKW MN WIQW WXV ZJ[WVYN [PVNJ WV JQ[I VWIJY MK WIJLVU QMK NOQ[J NIVaPL QPNV ] J [PVNJ WV JQ[I VWIJY MK WIJ ZMNaQP NOQ[J b lVYU QPPR\ XJ [QK JsOYJNNWIMN YJoaMYJU JKW MK WIJ mVPPVX MKS U QKKJY �
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pQ]PJ ��
The datasets used in the experiments.

Dataset Size #Attrs. #Classes
Adult 32561 15 2
Australian Credit 690 15 2
Balance Scale 625 5 3
Breast Cancer (Wisconsin) 699 11 2
Breast Cancer 286 10 2
Connect-4 67557 43 3
Credit Screening 690 16 2
Pima Indians Diabetes 768 9 2
German Credit 1000 21 2
Heart Disease (Hungarian) 294 14 2
Heart Disease (Statlog) 270 14 2
Hepatitis 155 20 2
Ionosphere 351 35 2
Iris Plant 150 5 3
Liver Disorders 345 7 2
Lymphography 148 19 4
Mole Fever 425 33 2
Mushrooms 8124 23 2
Postoperative Patient 90 9 3
Thyroid Disease 215 6 3
Tic-Tac-Toe Endgame 958 10 2
Vehicle Silhouettes 846 19 4
Congressional Voting Records 435 17 2
Wine Recognition 178 14 3
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}K JsQUOPJ Vm WIJ [VYYJNOVKLMKS WIYJJTLMU JKNMVKQP OPVWN MN SMZJK MK lMSaYJ � \ U VLMrJL mVYSYQRN[QPJ OYMKWMKS b _ MxJYJKW [PQNNJN QYJ NIVXK X MWI LMxJYJKW [VPVYN b pIJ [VPVYJL ZJYNMVKN Vm WIJNJMU QSJN \ OYVLa[JL ]R WIJ ���TÄQR


NVmWXQYJ OQ[jQSJ \ [QK ]J V]WQMKJL WIYVaSI WIJ nV�nVTSYVaOIVUJ OQSJ b

lVY JNWMU QWMKS WIJ oaQPMWR Vm WIJ ZMNaQPMyQWMVKN OYVLa[JL \ XJ aNJL WIJ ZQPMLQWMVK N[IJU JLJN[YM] JL MK WIJ OYJZMVaN NJ[WMVK b pIJ OYJLM[WMVK U JWIVLN aNJL QYJ PMNWJL MK pQ]PJ ^ \ QKL WIJ
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Adult Australian Credit

Balance Scale Breast Cancer (Wisconsin)

Breast Cancer Connect−4

lMSaYJ �� pXVTLMU JKNMVKQP ZMNaQPMyQWMVKN Vm LQWQNJWN �Èg MK pQ]PJ �b

[VYYJNOVKLMKS OYJLM[WMVK Q[[aYQ[MJN QYJ NIVXK MK pQ]PJ ` b cW NIVaPL ] J KVWJL WIQW YJNaPWN QYJ KVW[VUOQYQ]PJ WV NMU MPQY [YVNNZQPMLQWMVK YJOVYWJL JQYPMJY \ QN XJ aNJL NVU J Vm WIJ LQWQ mVY [VKNWYa[WT
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Credit Screening Pima Indians Diabetes

German Credit Heart Disease (Hungarian)

Heart Disease (Statlog) Hepatitis

lMSaYJ ^ � pXVTLMU JKNMVKQP ZMNaQPMyQWMVKN Vm LQWQNJWN �È �^ MK pQ]PJ �b

MKS WIJ {QRJNMQK KJWXVYj UVLJP \ QKL WIMN LQWQ XQN KVW aNJL MK WIJ ZQPMLQWMVK OYV [JNN b
lYVU WIJNJ YJNaPWN XJ [QK U QjJ WXV V]NJYZQWMVKN b l MYNWPR\ WIJ ZMNaQPMyQWMVKN V]WQMKJL ]R
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Ionosphere Iris Plant

Liver Disorders Lymphography

Mole Fever Mushrooms

lMSaYJ ` � pXVTLMU JKNMVKQP ZMNaQPMyQWMVKN Vm LQWQNJWN �`È �f MK pQ]PJ �b

WIJ NaOJYZMNJL UVLJPT]QNJL QOOYVQ[I SJKJYQPPR O JYmVYU ]JWWJY MK KJQYJNW KJMSI]VY [PQNNMr[QWMVKWIQK WIJ ZMNaQPMyQWMVKN OYVLa[JL ]R ua[PMLJQK UaPWMLMU JKNMVKQP N[QPMKS b cK WIJ WXVTLMU JKNMVKQP
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Postoperative Patient Thyroid Disease

Tic−Tac−Toe Endgame Vehicle Silhouettes

Congressional Voting Records Wine Recognition

lMSaYJ � � pXVTLMU JKNMVKQP ZMNaQPMyQWMVKN Vm LQWQNJWN ��È^� MK pQ]PJ �b

[QNJ \ WIJ UVLJPT]QNJL QOOYVQ[I RMJPLN ] JWWJY YJNaPWN X MWI �� LQWQNJWN dX MWI VKJ WMJ i \ QKL MKWIJ WIYJJTLMU JKNMVKQP [QNJ WIJ YJNaPWN QYJ ]JWWJY X MWI �� LQWQNJWN dX MWI ` WMJNi b �J[VKLPR\ WIJ
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lMSaYJ � � }K JsQUOPJ Vm Q WIYJJTLMU JKNMVKQP Z MNaQPMyQWMVK \ V]WQMKJL X MWI WIJ �{QPQK[J� LQWQNJW b
VZJYQPP [PQNNMr[QWMVK Q[[aYQ[R X MWI WIJ YJLa[JL LQWQ NJWN MN KVW NMSKMr[QKWPR XVYNJ WIQK X MWI WIJU JWIVLN JsOPVMWMKS WIJ VYMSMKQP UaPWMLMU JKNMVKQP ZJ[WVYN b } N Q U QWWJY Vm mQ[W \ MK NVU J [QNJNWIJ [PQNNMr[QWMVK Q[[aYQ[R [QK JZJK ]J MUOYVZJL ]R aNMKS WIJ ZMNaQPMyQWMVK OYV [JNN b pIMN U JQKNWIQW WIJ ZMNaQPMyQWMVKN IQZJ ] JJK [QOQ]PJ Vm OYJNJYZMKS UVNW Vm WIJ MKmVYU QWMVK MK WIJ LQWQ \ X MWIYJNO J[W WV WIJ NaOJYZMNJL [PQNNMr[QWMVK WQNj [IVNJK b

pQ]PJ ^ �
The classification methods used

Label Explanation
NB Leave-one-out crossvalidated prediction accuracy of the Naive Bayes model with the

original data set X.
NN Leave-one-out crossvalidated prediction accuracy of the nearest neighbor classifier

with the original data set X.

NNNB

2D Leave-one-out crossvalidated prediction accuracy of the nearest neighbor classifier
with the two-dimensional data set obtained from the predictive distribution of the
Naive Bayes model constructed from external training data.

NNNB

3D Leave-one-out crossvalidated prediction accuracy of the nearest neighbor classifier
with the three-dimensional data set obtained from the predictive distribution of the
Naive Bayes model constructed from external training data.

NNEC

2D Leave-one-out crossvalidated prediction accuracy of the nearest neighbor classifier
with the two-dimensional data set obtained by Euclidean multidimensional scaling.

NNEC

3D Leave-one-out crossvalidated prediction accuracy of the nearest neighbor classifier
with the three-dimensional data set obtained by Euclidean multidimensional scaling.

pIJ NMyJ Vm WIJ KJMSI]VYIVVL aNJL MK WIJ KJQYJNW KJMSI]VY [PQNNMrJY MK WIJ JsOJYMU JKWN YJOVYTWJL MK pQ]PJ ` XQN � b ÄaKN X MWI LMxJYJKW NMyJ KJMSI]VYIVVLN SQZJ ZJYR NMU MPQY YJNaPWN \ QN PVKSQN WIJ KJMSI]VYIVVL NMyJ XQN Q]VZJ VKJ � MW NJJU N WIQW WIJ �TKJQYJNW KJMSI]VY U JWIVL LVJN KVWU JQNaYJ ZJYR XJPP WIJ ZMNaQP oaQPMWR Vm WIJ MU QSJN OYVLa[JL b � MNaQP MKNO J[WMVK Vm WIJ MU QSJN
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pQ]PJ ` �
Crossvalidation results with the methods described in Table 2

Dataset NB NN NNNB

2D NNNB

3D NNEC

2D NNEC

3D

Adult 82.40 81.20 85.20 84.60 79.40 80.60
Australian Credit 84.93 84.35 85.51 86.09 83.77 81.74
Balance Scale 89.78 87.86 89.46 87.54 69.97 73.48
Breast Cancer (Wisconsin) 96.57 94.86 96.00 96.00 94.57 94.29
Breast Cancer 76.92 69.93 69.93 74.13 72.03 74.13
Connect-4 65.00 61.20 67.00 70.00 61.20 60.00
Credit Screening 84.64 84.06 80.29 81.45 81.16 80.87
Pima Indians Diabetes 74.48 76.04 72.66 73.96 70.83 73.18
German Credit 75.20 77.20 70.40 72.00 74.80 74.40
Heart Disease (Hungarian) 85.03 85.71 87.76 88.44 84.35 85.71
Heart Disease (Statlog) 87.41 85.93 83.70 86.67 83.70 87.41
Hepatitis 87.18 87.18 92.31 92.31 89.74 87.18
Ionosphere 90.34 77.84 92.61 92.05 84.66 85.23
Iris Plant 96.00 100.00 92.00 93.33 97.33 100.00
Liver Disorders 69.36 54.34 49.13 49.13 46.24 47.98
Lymphography 85.14 78.38 78.38 82.43 71.62 75.68
Mole Fever 89.67 78.87 85.45 89.67 75.59 80.75
Mushrooms 91.40 97.20 96.00 96.80 93.40 95.40
Postoperative Patient 64.44 55.56 55.56 60.00 62.22 60.00
Thyroid Disease 98.15 91.67 99.07 99.07 94.44 91.67
Tic-Tac-Toe Endgame 69.52 71.61 68.68 70.15 70.77 64.09
Vehicle Silhouettes 58.16 64.07 57.21 60.05 52.48 53.43
Congressional Voting Records 89.45 91.28 90.83 90.83 91.28 90.83
Wine Recognition 97.75 98.88 93.26 93.26 95.51 98.88

OYVLa[JL [VKmVYU N WV WIJ NWQWMNWM[QP QKQPRNMN � WIJ MU QSJN OYVLa[JL ]R WIJ UVLJPT]QNJL UJWIVLPVVj ZMNaQPPR Ua[I ]JWWJY WIQK WIJ MU QSJN OYVLa[JL ]R WIJ ua[PMLJQK UJWIVL b }[WaQPPR\ WIJUVLJPT]QNJL MU QSJN PVVj ]JWWJY JZJK MK [QNJN XIJYJ WIJ KJQYJNW KJMSI]VY [PQNNMrJY SMZJN XVYNJ[YVNNZQPMLQWMVK YJNaPWN WIQK WIJ YJNaPWN V]WQMKJL ]R aNMKS WIJ ua[PMLJQK ZMNaQPMyQWMVKN b }K JsTQUOPJ Vm Na[I Q NMWaQWMVK MN SMZJK MK lMSaYJ g b pIMN U JQKN WIQW WIJ KJQYJNWTKJMSI]VY ]QNJL[YVNNZQPMLQWMVK N[IJU J LVJN KVW YJwJ[W WIJ ZMNaQP oaQPMWR Vm WIJ MU QSJN QN XJPP QN XJ XVaPL IQZJXQKWJL \ MW [QK VKPR ]J aNJL mVY YJZJQPMKS SJKJYQP SaMLJPMKJN b
�KJ [QK Vm [VaYNJ QYSaJ WIQW WIJ ]QNM[ ua[PMLJQK UaPWMLMU JKNMVKQP N[QPMKS MN KVW Q ZJYR NVOITMNWM[QWJL LQWQ ZMNaQPMyQWMVK U JWIVL \ QKL MWN O JYmVYU QK[J [QK ]J Na]NWQKWMQPPR MUOYVZJL ]R aNMKSZQYMVaN WJ[IKMoaJN b pIMN MN X MWIVaW LVa]W WYaJ \ ]aW XJ [QK NMU MPQYPR QYSaJ WIQW WIJ {QRJNMQKKJWXVYj UVLJP aNJL MK WIMN NWaLR XQN WIJ NWYa[WaYQPPR NMUOPJ �QMZJ {QRJN UVLJP \ QKL WIJ OJYTmVYU QK[J Vm WIJ UVLJPT]QNJL ZMNaQPMyQWMVK N[IJU J [QK UVNW PMjJPR ] J MUOYVZJL Q SYJQW LJQP ]RaNMKS UVYJ JPQ]VYQWJ {QRJNMQK KJWXVYj UVLJPN b pIJ QPSVYMWIU aNJL mVY U MKMU MyMKS [YMWJYMVK d�iXQN MK ]VWI [QNJN JsQ[WPR WIJ NQU J \ NV WIJ [VUOQYMNVK NIVaPL ] J mQMY MK WIMN NJKNJ QPNV b

É ÊC@F�E�GC@
HJ IQZJ LJN[YM] JL Q UVLJPT]QNJL ZMNaQPMyQWMVK N[IJU J ]QNJL VK WIJ MLJQ Vm LJrKMKS Q LMNWQK[JU JWYM[ X MWI YJNO J[W WV OYJLM[WMVKN V]WQMKJL ]R Q mVYU QP \ OYV]Q]MPMNWM[ LVU QMK UVLJP b pIJ N[IJU JMN NaO JYZMNJL MK WIJ NJKNJ WIQW WIJ mV [aN Vm WIJ ZMNaQPMyQWMVK [QK ]J LJWJYU MKJL ]R [IQKSMKS WIJWQYSJW Vm WIJ OYJLM[WMVKN b HJ QPNV LMN[aNNJL U JWIVLN mVY ZQPMLQWMKS WIJ oaQPMWR Vm LMxJYJKW ZMNaQPTMyQWMVKN \ QKL NaSSJNWJL Q NMUOPJ N[IJU J ]QNJL VK JNWMU QWMKS WIJ OYJLM[WMVK Q[[aYQ[R WIQW [QK ]JV]WQMKJL ]R aNMKS WIJ YJLa[JL \ PVXTLMU JKNMVKQP LQWQ b �aY JUOMYM[QP YJNaPWN X MWI Oa]PM[PR QZQMPT
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Breast Cancer Breast Cancer

lMSaYJ g � }K JsQUOPJ Vm WIJ LMxJYJK[J MK WIJ oaQPMWR Vm WIJ MU QSJN OYVLa[JL ]R WIJ UVLJPT]QNJLdPJmWi QKL ua[PMLJQK dYMSIWi ZMNaQPMyQWMVK b
Q]PJ [PQNNMr[QWMVK LQWQNJWN LJUVKNWYQWJL WIQW WIJ N[IJU J OYVLa[JN ZMNaQPMyQWMVKN WIQW QYJ Ua[I]JWWJY dX MWI YJNO J[W WV WIJ ZQPMLQWMVK N[IJU J NaSSJNWJL i WIQK WIVNJ V]WQMKJL ]R [PQNNM[QP ua[TPMLJQK UaPWMLMU JKNMVKQP N[QPMKS b naYYJKW JsQUOPJN XJYJ V]WQMKJL ]R aNMKS Q NWYa[WaYQPPR NMUOPJ{QRJNMQK KJWXVYj UVLJP mVY OYVLa[MKS WIJ OYJLM[WMZJ LMNWYM]aWMVKN YJoaMYJL \ QKL Q NWYQMSIWmVYTXQYL NJQY[I QPSVYMWIU mVY LJWJYU MKMKS WIJ ZMNaQP PV [QWMVKN Vm WIJ LQWQ ZJ[WVYN b cW MN VaY ] JPMJmWIQW WIJ YJNaPWN [QK ]J maYWIJY MUOYVZJL ]R aNMKS UVYJ NVOIMNWM[QWJL U JWIVLN MK WIJNJ WQNjN bpIMN IROVWIJNMN X MPP ] J JsQU MKJL MK Q OYV| J[W WIQW QMU N QW [VUUJY[MQPMyMKS WIJ MLJQN OYJNJKWJLMK Q SJKJYM[ {QRJNMQK LQWQ U MKMKS WVVP b
Ë ¨·®¸Ì ª¬±²½¬®«­
pIMN YJNJQY[I IQN ]JJK NaOOVYWJL ]R WIJ �QWMVKQP pJ[IKVPVSR }SJK[R dpu�u�i \ QKL ]R WIJ}[QLJUR Vm lMKPQKL b
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